Weak measurements are supposed to be essential for the so called direct measurement of the quantum wavefunction [Nature (London) 474, 188 (2011)]. Here we show that direct measurement of the wavefunction can be obtained by using measurements of arbitrary strength. In particular, in the case of strong (i.e. projective) measurements, we compared the precision and the accuracy of the two methods, by showing that strong measurements outperform weak measurements in both. We also give the exact expression of the reconstructed wavefunction obtained by the weak measurement approach, allowing to define the range of applicability of such method.
Introduction -In Quantum Mechanics the wavefunction is the fundamental representation of any quantum system, and it offers the key tool for predicting the measurement outcomes of a physical system. Its determination is therefore of crucial importance in many applications. In order to reconstruct the complete quantum wavefunction of a system, an indirect method, know as quantum state tomography (QST), has been developed [1] . QST is based on the measurement of complementary variables of several copies of the same quantum system, followed on an estimation of the wavefunction that better reproduce the results obtained. This method, originally proposed for a two level system, has been extended to a generic number of discrete quantum states [2] as well as to continuous variable state [3] . Recently Lundeen et al. [4] proposed an alternative operational definition of the wavefunction based on the weak measurement [5] [6] [7] : "[the wavefunction] is the average result of a weak measurement of a variable followed by a strong measurement of the complementary variable". After the first demonstration, in which the transverse wavefunction of a photon has been measured, this method has been applied for the measurement of the photon polarization [8] , its angular momentum [9] and its trajectory [10] . The method has been subsequently generalized to mixed states [11] to continuous variable systems [12] and compared to standard quantum state tomography in [13, 14] .
By such method, that we call Direct-WeakTomography (DWT), a "direct measurement" of the quantum wavefunction is obtained: the term "direct measurement" refers to the property that a value proportional to the wavefunction appears straight on the measurement apparatus without further complicated calculations or fitting on the measurement outcomes. As originally proposed, the "direct measurement" is based on the weak-measurement obtained by a "weak" interaction between the "pointer" (i.e. the measurement apparatus) and system. Weak measurements occur when the coupling between the pointer and the system is much less than the pointer width. As reported in the literature, "the crux of [the] method is that the first measurement is performed in a gentle way through weak measurement, so as not to invalidate the second" [4] or "Directly measuring a quantum system relies on the technique of weak measurement: extracting so little information from a single measurement that the state does not collapse" [8] .
Here we show that a direct measurement of the quantum wavefunction can be obtained by the same scheme used in the DWT, but using only strong (i.e. projective) measurements, namely without "gentle measurements" or "not collapsing of the wavefunction". We thus demonstrate that the weak measurement is not necessary for the direct measurement of the wavefunction. We then compare the DWT with our method, by showing that the use of strong measurements gives advantages with respect to the DWT in term of both accuracy and precision. Our results also give a sufficient criterium for the applicability of the DWT (i.e. how "small" the interaction parameter should be for the DWT method to be applied).
Review of Direct-Weak-Tomography -Let's consider a d dimensional Hilbert space with basis {|x } with x = 1, . . . , d. The states |x are equivalent to position eigenstates of a discretized segment. A generic wavefunction can be written as
The scheme used to directly measure the wavefunction is shown in figure 1 : first, the following initial state |Ψ i = |ψ X ⊗ |0 P is prepared with |0 P the pointer state. The pointer belongs to a bidimensional qubit space spanned by the states {|0 P , |1 P }. In the case of photon arXiv:1504.06551v1 [quant-ph] 24 Apr 2015 spatial wavefunction, the pointer can be represented by a different degrees of freedom of the photon, such as the polarization. The system is then evolved according to the following unitary operator:
where θ is an arbitrary angle. The previous evolution corresponds to a pointer rotation conditioned to |ψ X being in the state |x . Setting θ = π/2 and measuring the pointer in the |1 P state corresponds to a strong measurement of the position operator π x = |x x|. Indeed, the probability of measuring the "pointer" in the |1 P state becomes exactly |ψ x | 2 , corresponding to a strong position measurement. On the other hand, a small value of θ and a measurement in the |1 P state correspond to a weak measurement of the position operator. Indeed, for small θ ∼ the unitary evolution can be written as
with
The weak-position measurement followed by a strong measurement in the momentum basis allow to directly determine the wavefunction. Indeed, by post-selecting only the outcomes corresponding to the state |p 0 = 1 √ d
x |x , the (unnormalized) pointer state becomes
Since a global phase is not observable, it is possible to arbitrarily choose the phase of ψ: we set the latter phase such that ψ is real valued and positive. In the first order in , the wavefunction can be derived directly as [4] :
where P (x) j represent the probabilities of measuring the pointer state into the diagonal basis
. From now on, we indicate with ψ W,x the (approximate) wavefunction obtained with the DWT method. The previous relation was generalized to mixed states in [11] . By repeating the measurements and changing the x parameter in the evolution U x (θ), the full wavefunction can be reconstructed. Indeed, since the proportionality constant is
and it is x independent, it can be obtained at the end of the procedure by normalizing the wavefunction. We now show that a relation similar to (5) can be obtained by strong or arbitrary strength measurements.
Arbitrary strengh measurement -Measurement with arbitrary strength is obtained by choosing arbitrary value of θ within 0 < θ ≤ π/2. Strong measurements correspond to θ = π/2. For arbitrary θ, after the evolution through the unitary operators U x (θ) of eq. (2) and the momentum post-selection, by measuring the pointer state |ϕ P in the |1 P , |+ P , |− P , |L P and |R P states, the wavefunction can be derived. Indeed, by choosing again ψ = | ψ|, it is possible to show (see Supplementary Information) that e(ψ x ) ∝ P (x)
R . Also in this case, the proportionality constant, given by
, is x independent, and can be determined by normalization of the wavefunction. It is very important to stress that, differently from the DWT method, the result is exact, without any approximation. For strong measurement (i.e. θ = π/2) the previous relations reduce to
We denote the previous relations as the Direct-StrongTomography (DST) method: it is worth noticing that also in this case a value proportional to the wavefunction appears directly from the outcomes of two subsequent strong measurements. The difference with respect to the DWT is the need of measuring the pointer state also in the state |1 P . This extra requirement is compensated by the fact that the result is not approximated and the accuracy and precision of the method overcomes the DWT, as we will show in the following.
Accuracy of DWT -In the case of the DWT, the obtained wavefuction ψ W,x is an approximation of the correct wavefunction ψ x . We now evaluate the accuracy of the DWT, namely the errors arising by using eq. (5) in place of the exact values of (6) . As done in [13] , we define the accuracy in terms of the trace distance D between the correct wavefunction ψ x and the weak value approximation ψ W,x 1 , that for pure states reduces to
As shown in Supplementary Information, the relation between the exact wavefunction ψ x and the weak-value estimate ψ W,x given in (5) can be expressed by the following relation:
In the previous equation σ 2 ψ is the "variance" of the wavefunction where the average is defined with respect the probability density p x = |ψ x | 2 , 1 We here recall that the trace distance between two quantum states ρ and ρ is defined as D ≡ namely |ψ x | 2 = x |ψ x | 4 and ψ x = x ψ x |ψ x | 2 . By inserting (7) into the trace distance D we obtain:
expressing D in terms of the original wavefunction ψ x and the interaction parameter θ. The previous expression indicates when the weak-measurement method can be efficiently used: indeed, when
the approximate wavefunction ψ W,x correctly estimates the wavefunction ψ x . Since eq. (8) can be inverted into
Condition (9), however, cannot be used if we don't know the exact wavefunction ψ x but only the measured approximated weak value ψ W,x . Indeed, we now present a useful criterium for the application of the DWT method in term of the reconstructed wavefunction ψ W,x . By using eq. (7) and defining ψ W = x ψ W,x it is possible to show that ψ W = ( ψ 2 − θ )/N . If ψ W is not negative we can conclude that ψ ≥ √ θ : such bound gives an upper bound on the systematic error D. Indeed, as shown in Supplementary Information 
To summarize, a sufficient condition for the application of DWT method can be obtained by the reconstructed wavefunction as follows:
When condition (10) is satisfied, the systematic error is bounded by D ≤ θ/2 (for small θ). If condition (10) is not satisfied the DWT method is not guaranteed to work and a lower θ should be choosen to achieve condition (10). For any wavefunction with ψ = 0, it is possible to lower θ such that condition (10) is satisfied. The wavefunctions with ψ = 0 corresponds to the set of "pathological" wavefunctions for which the DWT and the DST methods can never be applied. Indeed, if ψ = 0 the systematic error (8) can be easily evaluated to be D = σ ψ / |ψ x | 2 that is independent of θ: by changing the interaction parameter the error cannot be lowered for such wavefunctions 2 . For the DST, the proportionality constant (6) diverges if ψ = 0. In such case, a different momentum state for post-selection different from |p 0 must be used.
To numerically evaluate the accuracy of the DWT we randomly choosen, according to the Haar measure, 10 6 wavefunctions in a d = 10 dimensional Hilbert space. We calculated for different values of θ the probability p W to violate the sufficient condition, namely p W = Prob( ψ W < 0). We also calculated the probability p D of having an error D, evaluated by (8) , larger that 0.1. In Figure 2 we show the probabilities p W and p D in function of θ. In the inset we also show the systematic error D in function of σ ψ / ψ for different values of θ. Since the distribution of N is peaked around ψ for θ ≤ 0. . The figure shows that for low values of θ, the DWT method fails with low probability and the systematic error is limited. Indeed, if we choose θ ≤ 0.2 for the d = 10 case, we have p W ≤ 1.75% and p D ≤ 0.57%. Then, as expected, low values of the interaction parameter θ are suitable for the correct application of the DWT method. However, as we will show in the following, such low θ values lead to a larger statistical error (i.e. lower precision) compared to the strong measurement method. Precision of the DWT -An important performance parameter is the precision of the method, namely the statistical errors on the estimated wavefunction. In particular, it is important to evaluate the scaling of such errors with the number of measurements. To this purpose, we will evaluate the mean square statistical error δψ of the DWT and DST methods, obtained by summing the squares of the statistical error on the different ψ x :
As shown in Supplementary Information, the ratio between the statistical errors δψ S and δψ W , respectively corresponding to the strong and weak method, can be approximated by:
where θ 0 is the interaction parameter used for the weak measurement. Relation (11) demonstrates that low values of θ 0 correspond to a lower precision (i.e. larger statistical errors) of the DWT with respect to the DST method.
For a complete demonstration of such feature we calculated the exact ratio δψ S δψ W for 10 6 randomly chosen wavefunctions and compared it with the success parameter ψ W and the systematic error D. The results are shown in Fig. 3 and 4 . Figure 3 show that, when the sufficiency condition for applying the DWT is satisfied, (i.e. ψ W ≥ 0), the statistical errors of the DWT are typically greater then the errors of the DST. An approximate trent of the ratio δψ S /δψ W can be obtained by noticing that, since N ∼ ψ, we can approximate ψ W ∼ ψ − θ / ψ. Dashed curves in Fig. 3 To further prove that the DST precision is typically greater than the DWT one, we plot in Figure 4 the same ratio δψ S /δψ W in function of the exact trace distance D: for low systematic error D, the statistical errors of the DWT are typically greater then the errors of the DST. Even if a different method will be found to exactly evaluate the exact trace distance D in terms of ψ W,x , the DST precision overcomes the DWT one in most of the cases in which the DWT is accurate.
To better appreciate the above results, we also plot in Fig. 5 the probability P W of having δψ S /δψ W ≥ 1 and ψ W ≥ 0 in function of the interaction parameter θ: we recall that for ψ W ≥ 0 we have D θ/2. We limited the parameter θ to 0.5 since for θ > 0.5 the systematic error D is not sufficiently bounded even if the condition ψ W ≥ 0 is satisfied. We also show the probability P D of having δψ S /δψ W ≥ 1 and D ≤ 0.1. The graph demonstrate that in such case the optimal parameter for the DWT method is θ ∼ 0.26: for such value of the interaction parameter the weak value method is more precise than the DST with a very small probability P D = 1.4% if we tolerate a maximal error D M = 0.1. Clearly, such result strongly depends on D M : by reducing D M such "success probability" will decrease.
Mixed states -The DWT can be generalized to determine the density matrix ρ of mixed states, as shown in [11] . To directly measure ρ the same method described for pure state can be used, with the extra requirement that the strong measurement on momentum should be performed in all the momentum states |p =
|x , while the pointer is measured is the |± P , |R P , |L P states (as done for the pure state |ψ X . As shown in Supplementary Information, the density matrix ρ W reconstructed by the DWT can be expressed in terms of the correct matrix ρ as
with D a diagonal matrix whose element are equal to the diagonal of ρ, namely D x,y = δ x,y ρ x,x . By evaluating the accuracy of the DWT in terms of the trace distance D between ρ and ρ W we obtained
Also in this case, the larger is θ, the larger is D and the lower is the accuracy in the estimation of ρ by the DWT. Similarly to what we have shown for pure states, by performing an extra measurement of the pointer in the |1 P state, the exact expression of the density matrix can be obtained for any value of θ (see Supp. Info.). Conclusions -We have demonstrated that, in order to achieve a direct measurement of the wavefunction, weak measurements are not necessary. Indeed, we have shown that by using two subsequent strong measurements a better estimation of the wavefunction, in terms of precision and accuracy, can be obtained. Our method allowed us to derive a sufficient condition for the applicability of the Direct-Weak-Tomography. We believe that our results give a deeper understanding of the meaning of the weakvalue for quantum Tomography.
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Supplementary information: Direct measurement of the quantum wavefunction by strong measurements
DERIVATION OF THE WAVEFUNCTION BY GENERIC STRENGTH MEASUREMENT
We here demonstrate the relation given in eq. (6). Let's consider a generic interaction parameter θ. In this case the unitary operators U x (θ) becomes
and the (unnormalized) pointer state after the momentum post-selection is given by
were we have defined the (unnormalized) state |χ = (cos θ − 1)|H + sin θ|V and ψ = x ψ x . As indicated in the main text, it is possible to choose the phase of the wave function such that ψ = | ψ|. By defining θ = 2 sin 2 θ 2 , the probabilities of measuring in the different pointer states are given by
For low θ, the approximate results holds (at the first order in θ). From the previous equation it is possible to prove that:
Strong measurements correspond to θ = π/2. By measuring the pointer in the |1 , |+ , |− , |L and |R basis, the wave function can be thus derived. It is very important to stress that the result is exact, without any approximation. If we consider the weak-value approximation, then the approximate values of P (x) j can be used. In this case
RELATION BETWEEN WEAK AND STRONG VALUE
Let's now derive the the relation between the correct wave function ψ x and the weak-value estimate ψ W,x . To evaluate the wave function it is necessary to estimate the parameters A x = P (x)
R such that the wavefunction is obtained by normalization:
. On the other hand, the weak value wave function ψ W,x is given by
with the parameters given by A W,x = P (x)
. By comparing the two results we can write
with N determined by the normalization of ψ W,x :
The average is defined with respect the probability density defined by the wave function,
We have thus demonstrated eq. (7) of the main text. We now show that the trace distance between ψ W,x and ψ x can be bounded by knowing ψ W,x . The trace distance can be exactly evaluated if we know the correct wave function ψ x , by
The parameter D can be bounded by knowing ψ W ≡ x ψ W,x . By using (20), we have ψ W = ( ψ 2 − θ )/N . When ψ W ≥ 0 we can conclude that ψ ≥ √ θ allowing to bound the parameter D. Indeed, since | ψ x | ≤ 1 and θ ≤ 1, the condition ψ ≥ √ θ implies | ψ| ≥ θ | ψ x | and
Finally, since σ ψ ≤ 1/ √ 2 we can conclude that
The previous relation proves that the condition ψ W ≥ 0 gives an upper bound on the systematic error D.
ANALYSIS OF THE PRECISION OF THE DWT AND DST METHODS
It is useful to introduce the following average error δψ, obtained by summing the squares of the statistical error on the different ψ x :
In general, for a wavefunction written as
Let's now evaluate the above expression for the two methods, the DWT and the DST.
DWT
Let's now evaluate such average error δψ in the weak measurement case. Let's consider to repeat the experiment N times. For the weak value we need to measure in the {|L , |R } and the {|+ , |− } basis. Let's suppose that N/2 measurements are used for the first basis and N/2 per the remaining basis. We indicate with tilde the estimated parameters obtained ofter N measurements. The estimate for the polarization probabilities P j are
N →∞ − −−−−−−− → P j since n j → P j N/2 in the large N limit. From now on we indicate with a right arrow the asymptotic behavior in the large N limit. The variance of n j is equal to n j due to Poissonian statistic. Then
The probabilities are used to estimate the terms A W,x = P + − P − , B W,x = P L − P R , from which the wave function is obtained in the large N limit as e(ψ x ) = By using the previous equation in (27) we obtain, for the weak value case,
where we used − x |ψ W,x | 2 |ψ x | 2 ≥ −1 and ψ x |ψ W,x | 2 e(ψ x ) ≥ − ψ. 
that is the main result (11) due to the fact that 
MIXED STATES WITH INTERMEDIATE MEASURE
Let's consider the system initially prepared in the state ρ = ρ X ⊗ |0 P 0| , with ρ X = n x,y=1ρ
x,y |x y|
